Laser communication with both high photon information efficiency (many bits/detected-photon) and high spectral efficiency (many bits/sec-Hz) is impossible with a single spatial-mode free-space link. Achieving these high efficiencies in the same system requires operation with 10's to 1000's of high-transmissivity spatial modes. Such systems will likely be restricted to 1 to 10 km line-of-sight terrestrial paths on which turbulence-induced cross talk will be encountered. In this paper we propose a cross-talk simulator for multiple spatial-mode free-space optical communication that could provide valuable information about the relevant merits of different mode sets when they are employed in conjunction with real modal multiplexers and demultiplexers.
INTRODUCTION
Achieving high photon information efficiency (many bits/detected-photon) and high spectral efficiency (many bits/sec-Hz) is impossible with a single spatial-mode free-space communication link [1] . This is so even though high photon information efficiency (PIE) can be obtained with pulse-position modulation (PPM) and direct detection [2] , and high spectral efficiency (SE) can be achieved with quadrature amplitude modulation and coherent detection [3] . In particular, PPM's high PIE comes at the cost of low SE, and the PIE of coherent detection systems cannot exceed 3 bits/detected-photon. Achieving high PIE and high SE in the same vacuumpropagation system is possible, but it requires operation with 10's to 1000's of high-transmissivity spatial modes [1] . Consequently, such systems will likely be restricted to 1 to 10 km line-of-sight paths to avoid the need for inordinately large optics. Accordingly, terrestrial applications, with the concomitant atmospheric turbulence must be accounted for.
Recent theoretical work has established ultimate limits on the PIE/SE behavior of multiple spatial-mode free-space communications when the turbulence is uniformly distributed along the propagation path [4, 5] . These studies have considered operation both with and without adaptive optics, and explored three possible spatialmode sets: focused-beam modes, Hermite-Gaussian modes, and Laguerre-Gaussian modes. Table- top experiments, using orbital angular momentum modes-specifically the Laguerre-Gaussian modes with lowest-order radial dependence-have measured cross talk and communication performance with and without adaptive optics for simulated thin (phase-screen) turbulence [6, 7] .
In this paper we propose a simple and flexible cross-talk simulator for multiple spatial-mode free-space optical communication. Whereas the theory from [4, 5] would be exceedingly tedious to repeat for arbitrary distributions of turbulence along the propagation path, and the experiments from [6, 7] have been limited to one mode set and thin turbulence, our proposed simulator can realize arbitrary path distributions for the turbulence, and it can be used with arbitrary mode sets. Moreover, it can be readily implemented. All that is needed are two spatial light modulators: one for the transmitter's exit pupil and one for the receiver's entrance pupil. There are some limitations to this approach: it only simulates an approximation to Kolmogorov-spectrum turbulence, and it only provides information about the average modal cross talk without the use of adaptive optics. Nevertheless, it could provide valuable information about the relevant merits of different mode sets when they are employed in conjunction with real modal multiplexers and demultiplexers.
The remainder of this paper is organized as follows. In Section 2, we introduce the propagation geometry for multiple spatial-mode free-space optical communication and reprise results from [4] for evaluating the average modal cross-talk behavior encountered on such a link. Then, in Section 3, we review the use of the extended Huygens-Fresnel principle's Green's-function mutual coherence [8] to perform that evaluation for Kolmogorov-spectrum turbulence. There we also introduce and discuss the square-law approximation to the 5/3-law two-source, spherical-wave wave structure function of Kolmogorov-spectrum turbulence. Reference 4 used that square-law approximation to evaluate the average cross-talk behavior of focused-beam, Hermite-Gaussian, and Laguerre-Gaussian modes when the turbulence was uniformly distributed along the propagation path. That evaluation, however, entailed considerable computational difficulties, even with the simplification afforded by the assumption of square transmitter and receiver pupils equipped, respectively, with ideal modal multiplexers and demultiplexers. The heart of this paper is Section 4, where we show how a simple arrangement with two spatial light modulators (SLMs)-one in the transmitter pupil and one in the receiver pupil-can be used as a physical simulator for an arbitrary path distribution of turbulence. This simulator determines the average modal cross-talk behavior via the square-law approximation to the two-source, spherical-wave wave structure function of Kolmogorov-spectrum turbulence. Moreover, because it is a physical simulator, it can assess the average cross talks encountered with any desired pupil geometries and mode sets when real modal multiplexers and demultiplexers are employed.
MULTIPLE SPATIAL-MODE FREE-SPACE OPTICAL COMMUNICATION
Consider a line-of-sight atmospheric propagation path between a transmitter exit pupil A T in the z = 0 plane and a receiver entrance pupil A R in the z = L plane. These will be taken to be coaxial and circular, i.e., Fig. 1 , although other configurations could easily be accommodated in what follows. We will assume that a linearly-polarized laser transmission-center wavelength λ, scalar complex-field envelope E T (ρ, t) with √ W/m units-is sent from A T , resulting in reception of a linearly-polarized field with scalar complex envelope E R (ρ , t), again with Figure 1 : Atmospheric-path propagation geometry.
From the extended Huygens-Fresnel principle [8] , we have that E R (ρ , t) is related to E T (ρ, t), by the superposition integral
where h(ρ , ρ, t) is the atmospheric Green's function at time t, and we have exploited the fact that turbulenceinduced multipath spread is sub-ps and that Gbps communication can be accomplished with ns-duration pulses in assuming that the temporal behavior is just the line-of-sight propagation delay L/c. Furthermore, because the coherence time of the turbulence is ∼ms, we can safely limit our attention to a single atmospheric state and suppress the Green's function's time argument.
For multiple spatial-mode free-space optical communication we rely on the near-field power transfer characteristic of the Fig. 1 propagation geometry that exists when its free-space Fresnel-number product,
2 is much greater than 1 [10] . To understand why this is so, we introduce the atmospheric Green's function's singular-value decomposition,
where: Unfortunately, the turbulent atmosphere's input modes, output modes, and power-transfer eigenvalues are all, in general, stochastic. Thus, unless adaptive optics is employed at the transmitter and/or the receiver, an M -ary spatial-mode system will multiplex some fixed set of orthonormal spatial modes, { Ψ (0)
where {E Tm (t) : 1 ≤ m ≤ M } is a set of information-bearing time signals, and demultiplex the received field using another another fixed M -ary orthonormal mode set, {ψ
The normal-mode decomposition for vacuum propagation between coaxial circular pupils is deterministic and known [12] , so it provides a possible choice for the {Ψ 
In practice, more easily implementable choices are typically considered, including focused-beam (FB) modes, Hermite-Gaussian (HG) modes, and Laguerre-Gaussian (LG) modes [4] . The LG modes have received considerable interest because they carry orbital angular momentum (OAM) [6, 7] . Theory has shown, however, that they are unitarily equivalent to the HG modes [4] , hence any free-space optical communication advantage they might enjoy over HG modes would be one of implementation simplicity rather than one of a fundamental nature [5] . Our principal concern is evaluating the average cross talk that does occur when we use fixed sets of input and output modes and turbulence is present in the propagation path.
To make explicit the intermodal cross talk that is implicit in Eq. (4) when propagation is through atmospheric turbulence, we use the extended Huygens-Fresnel principle in conjunction with Eq. (3) to rewrite E Rm (t) as
so that
for m = m gives the unnormalized average cross talk between modes m and m . † A general procedure for optical extraction of multiple spatial modes is given in [11] .
EVALUATING AVERAGE INTERMODAL CROSS TALK
Evaluation of the average intermodal cross talk incurred in the Fig. 1 setup can be done from knowledge of the atmospheric Green's function's mutual coherence function, h * (ρ 1 ρ 1 )h(ρ 2 , ρ 2 ) , because Eq. (7) can be expanded to yield
For Kolmogorov-spectrum turbulence, we have that [8, 13, 14 ]
where k = 2π/λ is the wave number, the fraction on the right is due to vacuum propagation, and
is due to turbulence, whose strength profile along the path is C 2 n (z). The initial derivation of this mutual coherence function employed the Rytov approximation [8, 13] , hence D(ρ 1 − ρ 2 , ρ 1 − ρ 2 ) was termed the twosource, spherical-wave wave structure function, and the validity of Eqs. (9) and (10) was limited to the weakperturbation regime before the onset of saturated scintillation. Later [14] , it was shown that Eqs. (9) and (10) 1 is computationally prohibitive. Each C m,m evaluation requires an eight-dimensional numerical integration whose integrand requires its own numerical evaluation, because there is no closed-form expression for D(ρ 1 −ρ 2 , ρ 1 −ρ 2 ) even when the turbulence is uniformly distributed. That is why our prior numerical evaluation [4] of C m,m exploited the rectangular symmetry of the FB and HG modes when A T and A R are d × d square pupils, together with the square-law approximation to Eq. (10) for uniformly-distributed turbulence, so that four-dimensional integrations over closed-form integrands were sufficient for 225 FB modes and 231 HG modes. Then, by means of the unitary relationship between sets of HG and LG modes, we obtained C m,m values for 231 modes of the latter set from the calculated cross talks for the corresponding 231 modes of the former set. The present paper's goal is more ambitious. By making the square-law approximation to Eq. (10) that applies for non-uniform turbulence distributions, we seek a flexible physical simulator capable of measuring C m,m values for arbitrary pupil shapes, mode sets, and turbulence distributions. Thus we will complete this section by developing and discussing the square-law approximation, postponing description of the simulator until Section 4.
The square-law approximation to Eq. (10) that we shall employ is [15] 
where W and W are path-weighting terms, given by
and ρ u is the spherical-wave turbulence coherence length for a uniform turbulence distribution with the same integrated strength as the actual distribution,
For a uniform turbulence distribution, this approximation reduces to
where
, which equals 8/9 times what we used in [4] .
There is a crucial point to be made at this juncture. The early work on the extended Huygens-Fresnel principle was based on the Rytov approximation [8] , hence it expressed the atmospheric Green's function as
i.e., as the vacuum-propagation Fresnel-diffraction Green's function multiplied by the logamplitude and phase fluctuations-χ(ρ , ρ) and φ(ρ , ρ), respectively-that turbulence imposes on the field received at ρ in the z = L plane from a point source located at ρ in the z = 0 plane. Moreover, under the Rytov approximation, χ(ρ , ρ) and φ(ρ , ρ) are jointly-Gaussian random processes. A consequence of their jointly-Gaussian distribution is that
Wandzura [16] showed that combining the jointly-Gaussian condition with the square-law approximation for this two-source, spherical-wave wave structure function implies that
are jointly-Gaussian distributed. In simple physical terms, the Rytov approximation plus the square-law approximation to D(ρ 1 − ρ 2 , ρ 1 − ρ 2 ) requires that the turbulence-induced fluctuations in the atmospheric Green's function consist solely of a piston phase, a phase tilt in z = 0, and a phase tilt in z = L.
A jointly-Gaussian distribution for χ(ρ , ρ) and φ(ρ , ρ) is completely characterized by these fluctuations' first and second moments. Hence the fourth-order moment of h(ρ , ρ)-needed to quantify beam-wave scintillation behavior-can be found from first and second-moment knowledge. Reference 16 thus invalidates that approach to quantifying beam-wave scintillation when the square-law approximation for the Green's function's mutual coherence function is made. Note that this issue does not impact our previous cross-talk analyses [4, 5] . These papers only make use of the Green's function's mutual coherence function. They neither assume that χ(ρ , ρ) and φ(ρ , ρ) are jointly Gaussian, nor use such an assumption to derive a higher-order Green's function moment.
The piston-plus-tilt nature of jointly-Gaussian χ(ρ , ρ) and φ(ρ , ρ) can be considered a bug, in that it precludes a simplified yet valid calculation for the fourth-order moment of h(ρ , ρ). The next section will show how it can be turned into a feature, one that enables simple physical simulation of average intermodal cross talk.
PHYSICAL SIMULATOR FOR AVERAGE INTERMODAL CROSS TALK
A notional setup for a laboratory-scale physical simulator for measuring average intermodal cross talk is shown in Fig. 2 TEM 00 Gaussian spatial mode. The mode-transform box converts that TEM 00 mode into a minified version of the mth input mode of interest, to which spatial light modulator SLM T applies a random-process phase tilt. The scaled VPD box in Fig. 2 bookends anL-m-long laboratory-propagation path with an appropriately chosen pair of lenses to mimic Fresnel diffraction over a much longer L m path. SLM R then imposes another randomprocess phase tilt on the VPD box's output field. Finally, the mode-extractor box projects the component of its incident light that is in a minified version of the m th output mode of interest on a photodetector. When the tilt statistics are chosen to realize a scaled version of the square-law structure function from Eq. (11), time averaging the fractional power transfer to the detector will, as we show below, yield C m,m for Kolmogorovspectrum turbulence whose Green's function mutual coherence is represented by Eq. (9) using the square-law approximation for D(ρ 1 − ρ 2 , ρ 1 − ρ 2 ). The details of the necessary scalings and tilt statistics are as follows.
• The output of the mode-transform box is a power-P T field with complex envelopeẼ 0 (ρ) = √ P TΨ (0)
• Spatial light modulator SLM T , located in theÃ T pupil, imposes a Gaussian random process phase-tilt exp(ikθ 0 (t)·ρ) onẼ 0 (ρ).
• The scaled-VPD box consists of a focal-length f lens in theÃ T pupil, followed byL m of diffraction to thẽ A R = {ρ : |ρ | ≤D R /2} pupil, whereD R D R , at which there is a focal-length f lens. The values of f , L and
• Spatial light modulator SLM R , located in theÃ R pupil, imposes a Gaussian random process phase-tilt exp(ikθ L (t) · ρ ) on the field emerging from the scaled-VPD box, resulting in an output field with timevarying complex envelopeẼ L (ρ , t) = √ P Tζm (ρ , t).
• The mode-extractor box projects thẽ
component ofẼ L (ρ , t) on the photodetector.
• The time-averaged fractional power transfer fromẼ 0 (ρ) to the photodetector converges to the ensembleaverage cross talk between the modesΨ
where P D (t) is the power illuminating the detector at time t.
• The minified phase-tilts,
are a pair of zero-mean, jointly-Gaussian vector random processes whose covariance matrix at time lagL/c is
with W , W , and ρ u being the parameters of the square-law structure function from Eq. (11) for the C 2 n profile to be simulated.
Having specified all the elements of the Fig. 2 simulator, we are ready to show that it works, i.e., that C m,m from Eq. (8) for Kolmogorov turbulence whose mutual coherence function is evaluated using the square-law approximation from Eq. (11) satisfies
The intuition behind this simulator is simple: if Gaussian statistics for phase tilts implies a Green's function mutual coherence characterized by a two-source, spherical-wave wave structure function of the form given in Eq. (11), then we have a simple, phase-tilt approach to simulating such a Green's function mutual coherence. The mathematics behind the simulator, i.e., the proof of Eq. (26), is as follows:
is the concatenated Green's functions of SLM T , the scaled VPD, and SLM R . Substituting Eq. (29) into Eq. (28) and using the scaling relations given above leads tõ 
Now, using the characteristic function for jointly-Gaussian random variables and our assumed tilt statistics, we find thatC 
which is the desired result, i.e., it equals C m,m for Kolmogorov-spectrum turbulence whose two-source, sphericalwave wave structure function is given by the square-law approximation.
CONCLUSIONS
Having demonstrated our principal objective-showing how a pair of phase tilts can be used to simulate average intermodal cross talk for Kolmogorov-spectrum turbulence within the square-law approximation for its two-source, spherical-wave wave structure function-let us conclude by briefly summarizing the strengths and weaknesses of this approach. Its core strengths are: (1) arbitrary mode sets and pupil geometries can be employed; (2) arbitrary non-uniform distributions of thick turbulence can be simulated; and (3) real, i.e., imperfect, modal multiplexers and demultiplexers can be used. Its major weaknesses are: (1) the square-law approximation does not perfectly capture the 5/3-law behavior of Kolmogorov-spectrum turbulence; (2) the absence of scintillation precludes this simulator's use to measure the error probabilities of modulated multiple spatial-mode communications, as was done in [6] for thin turbulence; and (3) only systems without adaptive optics can be simulated.
